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A GENERALIZATION OF RIBET’S NONDEGENERACY
THEOREM
RYAN KEAST
Abstract. We extend Ribet’s Nondegeneracy theorem to all odd weight
Hodge structures.
1. Introduction
A CM Hodge structure is a Hodge structure whose Mumford-Tate (MT) group
is abelian. For any period domain, and any Mumford-Tate domain, CM Hodge
structures are dense in both the Zariski and Archimidean topologies. In the case
where D has a trivial infinitesimal period relation, the Andre-Oort conjecture is
essentially a converse to this statement. Let D be an unconstrained Mumford-
Tate domain and Γ\D be a connected Shimura variety. Andre-Oort states that the
Zariski closure of a subset of CM points in Γ\D is itself a Shimura subvariety.
Recently there has been considerable progress in the understanding of non-
classical period domains. Specifically, the work of Griffiths, Green, and Kerr [GGK]
has extended the notion of CM-type to a higher weight analogue, called an orienta-
tion. To each irreducible CM Hodge structure there is an associated oriented CM
field. Using the Galois groups of these CM fields and the density of CM points,
[GGK] developed an algorithm for classifying the Mumford-Tate groups for a given
period domain. Even though this paper does not directly address it, the primary
motivation behind our efforts is to explore possible generalizations of Andre-Oort
and its related conjectures to non-classical period domains: what does the Zariski
density of CM points imply for a variation of Hodge structure in the higher weight
case?
In light of this goal, this paper studies irreducible CM points and Mumford-Tate
domains contained in higher odd weight period domains.
Our first and main result concerns the Mumford-Tate groups of odd weight
polarized irreducible CM Hodge structures. Assume the Hodge numbers add up
to 2p, where p is an odd prime. Ribet’s nondegeneracy theorem states that in the
weight one case the Mumford-Tate group of such a CM point is a maximal compact
torus. We extend this to all odd weights.
Ribet’s proof involves calculating the dimension of a subspace generated by the
Galois group acting on a grading element. The grading element is dependent on
the weight and Hodge numbers, so the proof does not immediately extend to higher
weights. We sidestep this difficulty with some knowledge of circulant matrices.
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Kerr] . The author would like to thank Matt Kerr and Greg Pearlstein for reading previous
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In contrast to the main result, the rest of the paper shows the radical differences
that can show up in the higher weight case. Many of the proofs here use Dodson’s
Imprimitivity Theorem as inspiration[D].
Schmid’s monodromy theorem informs us that in the weight one case, a nilpotent
matrix N arising from a degeneration of a variation of Hodge structure must satisfy
N2 = 0 [S]. In the higher weight cases, N with larger Jordan blocks may appear.
We show that if a Jordan blocks is sufficiently large and the nilpotent orbit passes
through a nondegenerate CM point, the smallest MT domain than contains the
nilpotent orbit is in fact the whole period domain.
Concluding, we provide examples of Calabi-Yau CM points which are never
contained in positive dimension unconstrained MT domains.
2. Review
Let D be a period domain with fixed rational vector space V and polarization
Q. We construct the following algebraic group:
(2.1) G = {g ∈ Aut(V )|Q(gv, gu) = Q(u, v) ∀u, v ∈ V }.
We restrict ourselves to the case where the weight is odd so that we may identify
G with Sp(2n,Q). GR acts transitively on D and we may identify D = GR/Hϕ,
where Hϕ is the subgroup that fixes some ϕ ∈ D. Similarly GC acts transitively on
the compact dual Dˇ. Consider GC’s associated Lie algebra:
(2.2) gC = {X ∈ End(VC)|Q(Xu, v) +Q(u,Xv) = 0 ∀u, v ∈ V }.
For a point ϕ ∈ D, gC inherits a weight 0 Hodge decomposition:
(2.3) gl,−l = {X ∈ g|X(V p,q) ⊆ V p+l,q−l}.
A subvariety of D will be called horizontal if its tangent bundle lives in the
subbundle generated by the orbit of g−1,1. From Griffiths’s transversality, a subva-
riety of D that arises from a variation of polarized Hodge structures will always be
horizontal. A MT domain is considered unconstrained if it is horizontal.
Regarding a Hodge structure ϕ ∈ D as a real representation of C∗, the first
Hodge-Riemann relation indicates ϕ(S1) ⊂ GR. The smallest Q-algebraic group
whose real points contain the image of the circle ϕ(S1) is called the Mumford-Tate
group Mϕ of ϕ.
Definition 2.1. A weight n oriented CM field is a pair
(2.4)
(
L, {
∏p,q}p+q=n
)
where L is a CM field and {
∏p,q}p+q=n is a partition of the set of embeddings of
L into C with the following property:
(2.5) θ ∈
∏p,q ⇔ θ¯ ∈ ∏q,p.
To obtain the Hodge structure, we view the CM field L itself as a Q vector space.
An element l ∈ L acts on L by left multiplication, the action decomposes L⊗C into
one dimensional θk(l) eigenspaces we label Eθk . We gain a Hodge decomposition
by setting
(2.6) V p,q = ⊕θk∈
∏
p,qEθk .
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Theorem 2.2 (cf. [GGK] pg 196). Every Hodge structure constructed in the pre-
vious manner is a polarizable CM Hodge structure [not necessarily irreducible] and
every odd weight irreducible polarized CM Hodge structure comes from such a con-
struction.
An irreducible CM Hodge structure ϕ ∈ D will then give an arithmetically
defined basis of VC that respects the Hodge structure.
Definition 2.3. Let L be a CM field regarded as Q-vector space. The Hodge-
Galois basis of L ⊗Q C is the basis {wk} with wk ∈ Eθk , scaled so that for l ∈ L,
l =
∑
θk(l)wk when considered as an element in L⊗Q C.
Via the action on the embeddings, Gal(Lc/Q) acts on the Hodge-Galois basis.
Since Lc is Galois, every embedding has the same image. We fix some embedding
Θ : Lc → C. For a ∈ Θ(Lc) , a= Θ(l) for some l ∈ Lc. We define for g ∈ Gal(Lc/Q),
g(a) = Θ(gl). For ak ∈ Θ(L
c), we have
(2.7) g
(∑
akw
)
=
∑
g(ak)g(wk).
By the construction of the Hodge-Galois basis,
∑
akw is in the original rational
vector space L if and only if it is fixed by Gal(Lc/Q).
A polarization of a CM Hodge structure will be called a Hodge-Galois polariza-
tion if the following condition is met:
(2.8) Q(wl, w¯k) = 0 unless l = k.
This condition makes it much easier to explicitly handle gC. Luckily, for irre-
ducible CM Hodge structures this condition is trivial.
Proposition 2.4 ([GGK] pg. 199). Every polarization of an irreducible CM Hodge
structure is a Hodge-Galois polarization.
For odd weight period domains with polarizationQ, gC ∼= sp(2n,Q). The Hodge-
Galois polarization allows us to explicitly construct an arithmetically defined Hodge
basis of gC.
Let wˆnm indicate the endomorphism that takes wm to wn and kills everything
else. Denoting Qi = Q(wi, w¯i), we can form a Hodge basis of gC
(2.9)
{
wˆi,j +
Qi
−Qj
wˆ−j,−i
}
.
If the αi,j ’s are in Θ(L
c), Gal(L/Q) also has natural action given by
(2.10)
g
(∑
αi,,j
(
wˆi,j +
Qi
−Qj
wˆ−j,−i
))
=
∑(
g(αi,,j)wˆg(i),g(j) +
Qg(i)
−Qg(j)
wˆg(−j),g(−i)
)
.
Again we have
∑
αi,,j
(
wi,j +
Qi
−Qj
w−j,−i
)
is in the original rational vector space
if and only if it is fixed by Gal(Lc/Q).
3. Nondegeneracy
Definition 3.1. Let ϕ ∈ D be a polarized CM Hodge structure. We say ϕ is
nondegenerate if dim(Mϕ) = dimQ(V )/2
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The Ribet’s nondegeneracy theorem says that if the weight is one and dim(V ) =
2p with p > 2 and prime, then being irreducible implies nondegenerate [R2].
Theorem 3.2 (The Generalized Ribet Non-degeneration Theorem). Let (V,Q, ϕ)
be an irreducible polarized odd weight CM Hodge structure. If dim(V ) = 2p where
p > 2 is prime, then dim(Mϕ) = p.
Proof. Let F be the associated CM field, and let F c be its Galois closure. Since
p is prime and divides |Gal(F c)|, basic group theory informs us that Gal(F c/Q)
contains the cyclic subgroup Zp. We write the generator of Zp as (0, 1, 2...p− 1).
Regarding a Hodge structure ϕ ∈ D as a representation of C∗, the first Hodge-
Riemann relation indicates ϕ(S1) ⊂ GR. Let Mϕ be the special Mumford-Tate
group. Let mC ⊆ gC be the associated Lie algebra of Mϕ(C). ϕ
′(1) ∈ mC has the
property that given x ∈ gl,−l
(3.1) [
1
2
ϕ′(1), x] = lx
We express the grading element as a sum of the Hodge-Galois basis of gC:
1
2ϕ
′(1) =∑
Amwˆmm − wˆ−m−m.
Since the weight is odd and [ 12ϕ
′(1), wm,−m] = Amwm,−m, we can conclude that
all the Am are odd integers.
Since the mmust be defined overQ , it must contain g(ϕ′(1)) for all g ∈ Gal(FC).
Since it contains the cyclic subgroup Zp, the dimension of m must be at least the
size of the rank of the following circulant matrix:

A0 · · · · · · · · · Ap−1
A1 A2 · · · Ap−1 A0
...
. . .
...
...
. . .
...
Ap−1 · · · · · ·
. . . Ap−2


.
As a general fact of circulant matrices, the rank is given p− deg[gcd(f, xp − 1)]
where f = A0 +A1x+ · · ·+Ap−1x
p−1[I]. Since all of the coefficients of f are odd
numbers, 1 is not a root of f . xp−1+xp−2+ ...+1 is the minimal polynomial of the
pth roots of unity. If it shared a root with f it would have to be a rational multiple
of xp−1 + xp−2 + ... + 1. So either the rank is p or A0 = A1 = ... = Ap−1. The
latter case recovers a weight one grading element, and is thus then covered by the
original Ribet Nondegeneracy theorem. 
4. Imprimitive Domains and MT Domains
Let ϕ ∈ D be irreducible and CM with associated CM field L. Let v ∈ gQ. Con-
sider v as a matrix defined by the ordered Hodge-Galois basis (w1, ...wn, w−1..., w−n)
of VC. We construct a graph in the following manner: the vertices are defined to be
the elements of the Hodge-Galois basis. Two vertices are connected by an edge if
either entry ai,j or aj,i in M are non-zero. [Note: Because it is fixed under complex
conjugation and must respect the Hodge-Galois polarization, ai,j and aj,i are either
both non-zero or both zero.] The connected components of this graph gives us a
partition of the Hodge-Galois basis.
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Definition 4.1. For v ∈ gQ Γv and piv are respectively the graph and partition
constructed above. Using the same set of vertices, for a Mumford-Tate group M ,
we define the following graph ΓM : Two vertices in ΓM are connected if and only if
there is a v ∈ mQ where the vertices are connected in Γv. In an identical manner
we derive a partition piM .
Theorem 4.2. The partitions piv and piM both give an imprimitive system for the
Gal(Lc/Q) action on the Hodge basis (w1, ...wn, w−1..., w−n).
Proof. An alteration of the partition would contradict the fact that for all v ∈ gQ,
v is fixed by g ∈ Gal(Lc/Q). 
Corollary 4.3. Let N ∈ mQ be nilpotent, if N
l−1 6= 0 and l > [L : Q]/2 then the
partition piN is trivial.
Proof. The degree of N is bounded by the largest size of a connected component
ΓN . Since the group action is transitive, each primitive domain must have the same
number of elements. If a domain of imprimitivity contains more than half of the
elements, it must be the whole set. 
Lemma 4.4. Assume ϕ ∈ D is CM and nondegenerate and odd weight. Let M be
a Mumford-Tate group whose Mumford-Tate domain passes through ϕ. Assume v ∈
mC . We express v using the Hodge-Galois basis of gC: v =
∑
αi,,j
(
wˆi,j +
Qi
−Qj
wˆw
−j,−i
)
.
For each αi,j 6= 0,
(
wˆi,j +
Qi
−Qj
wˆ−j,−i
)
∈ mC.
Proof. Since ϕ is CM, Mϕ is abelian. Because of nondegeneracy, mϕ,C is maximal
and Abelian, hence is a Cartan subalgebra of sp(2n,Q). From [GGK] we know that
for i 6= j
(
wˆi,j +
Qi
−Qj
wˆ−j,−i
)
is a root vector. For i = j , (wˆi,i − wˆ−i,−i) is in the
Cartan. Under closure of the Lie bracket, the adjoint action of the Cartan means
that for each αi,j 6= 0,
(
wˆi,j +
Qi
−Qj
wˆ−j,−i
)
∈ mC. 
Lemma 4.5. Assume ϕ ∈ D is CM, nondegenerate, and odd weight. Let M be a
Mumford-Tate group whose Mumford-Tate domain passes through ϕ. Let v ∈ mQ.
If piv is trivial, then ΓM contains the complete graph and m = g.
Proof. Γv has a single connected component. By construction, ΓM has a single
connected component. By Lemma 4.4 if the vertices wi and wj are connected in
Γv, then
wˆi,j +
Qi
−Qj
wˆ−j,−i ∈ mC.
Assume vertices l and m are both connected to vertex k. By closure under Lie
bracket we have[(
wl,k +
Ql
−Qk
ˆw−k,−l
)
,
(
wk,m +
Qi
−Qj
ˆw−m,−k
)]
=
(
wl,m +
Ql
−Qm
w−m,−l
)
∈ mC.
It follows that there exists v′ ∈ mQ where wl and wm are connected in Γv′ and
hence ΓM . Proceeding inductively, we conclude from ΓM having a single connected
component that it contains the complete graph. Invoking 4.4 again, we have that
the entire Hodge basis of gC is contained in mC. 
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Theorem 4.6. Assume ϕ ∈ D be CM and nondegenerate [nondegenerate implies
irreducible]. Assume M is a Mumford-Tate group whose Mumford-Tate domain
passes through M . Let N ∈ mQ be nilpotent. If N
l−1 6= 0 with l > dim(V )/2 then
mC = gC.
Proof. Follows from Lemma 4.5 and Corollary 4.3. 
We now give examples of CM points that are never contained in nilpotent orbits
or positive dimension unconstrained MT domains.
Theorem 4.7. Let D be a period domain with odd weight n > 1, hn,0 = hn−1,1 = 1,
and 4 ∤ (dimQ V ). If ϕ is irreducible and CM then g
1,−1 ⊕ g0,0 ⊕ g−1,1 ∩ gQ ⊆ g
0,0
Proof. Set the Hodge-Galois basis as {w1...wn, w−1...w−n} with w1 ∈ H
n,0 and
w2 ∈ H
n−1,1. Since r(ϕ) = 1, there exists a v ∈
(
g1,−1 ⊕ g0,0 ⊕ g−1,1
)
∩gQ and v /∈
g0,0. We write v in the Hodge-Galois basis of gC: v =
∑
αi,j
(
wˆi,j +
Qi
−Qj
wˆ−j,−i
)
.
Since hn,0 = hn−1,1 = 1 we have the following fact:
(4.1) wˆ1,m +
Q1
−Qm
wˆ−m,−1 ∈ g
1,−1 ⊕ g0,0 ⊕ g−1,1 =⇒ m = 2 or m = 1.
This implies that for Γv vertex w1 can only be connected to w2 or itself. Since
v /∈ F 0(gC), w1 and w2 must be connected.
Assume w2 is connected to wn with n 6= 1 nor 2. Let g ∈ Gal(L
c/Q) be the
element that takes wn to w1. By 4.1 it follows that g takes w2 to w2. The same
reasoning leads us to the contradiction that g takes w1 to w1. It follows that that
w1 and w2 are not connected to any other vertices.
Since the two vertices form a single connected component, {w1, w2} is an imprim-
itive domain. By Dodson’s imprimitivity theorem, {w1, w2, w¯1, w¯2} also generates
a imprimitive partition, implying that 4|(dimQ L), which is a contradiction([D] pg.
3). 
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